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Ubor dcr Roibungw'd,:idurtzz Strondr LC''

f~rgcb. Aerodyn. Vcrzuchant. Cott n, :o. 3, 1927, P"2-fl5uts of the Aorodyn- amic Research Station at GottinvonJ

Translated by

i. Theoretical Part
1. Cn the frictional riStancc of t I. - air

The frictional rcsistanco of cro: ir, 1--ich alw.yz s ttracts-ttCnt'cn whon air stro3a over a colid surace, io, oin. to th. inner
mobility of the air, from another point Oc,. vicw like the "dry friction"
Of two solid bodies zlidinr over cach otho'... air' layer which im-
mOdiately bordere the body adheres closely to the body and the actual
frictional procozs thorofore takcs paco crtirely within the strcaming
air. Both the molecular motion and the turbulent rLxnZ mothion wlhich
exists throuZh )ut the otrear-ina air, under cortain conditions which fro-
quently occur, cause a velocity intorchange (auctn%ch) bct.:ccn the ad-
jacent layers and thereby an incroasin retardation also of the outer
layers from the 'adherinC ooetion. in the procnco of this austansch ths
portion w-hich is moro rapidly ap;roaching from the outaido is arrested
by mixing in the inner portions, and that ':hich is approachin. zaoro
slowly from the inside is driven on by that cowin froz tho outside.
This 0inifiea, if ono Cu-narizos the dynamic effect of thoe notions by
averago values, a system of frictional tcnsiCr.o in the strearin- air
masses which is also impartcd to the body in the stream , and in its0total effect asserts itself as frictional resistanco.

The regularity of the frictional resistance of air streaminz ovr
a surface can be related with the caoo for atrep -nLn in a lon. straight
tube. Here the frictional tension on the wall (ahcarin- stress a '
in the fluid in the imnediato vivinity of the wall) is correlated with
the pressure gradient in a simple rmannor. It is (equilibrium of a cyl-
inder of radius r and length ( b

,.4

Through this relation the shearing stress rais oxpormntally accessible
accordine to the study of H. Blasius 1); for turbulent atrcaming one
obtains, with u, velocity in the center for Roynold's numbers I4
from 1200 to about 50000, the approximate formula

7,
in which C is a numbor approximately of tho mgnLitude 0.04.2). For
larger Reynold's numbors ono would obtain smaller exponents instead of

4 ~3).

The frictional stress appears here dependent Q,' tho tube radius andon the velocity in the center (which probably can be derived by appropriate
transforzation of the averaeo velocity which was found in the tube studios).

One ay sup;ose that neithor the tube radius or the velocity in the center
has an inuard relation to the wall friction, hov:ovcr they appear hore only
formally, while Ln ro'ality only the flow relations in the vicinity of thei wall arc of Lm£ortanco to the wall fric.ion. On the other hund it can also<D be expected then that the velocity profile in the ro~ion of the wall is
alone determined by the law of friction.



a.P . .t.. -

This train of thought has rov"d very .. r-1uc'#va. In orcr to ex;l ---
it in a fornula ono will look for the .!.c.., :hich -till rce'in .ncn>'

u. or r shall appear in the foraula. Next lot a velocity C bo dofined :.rAth-
etically from the shearing otreso 5 in which one placca 2-C "

Then a kind of Roynold's number can be for-cd right hero from the kinom.atic
viscosity., the wall interval y, and tho velocity U. ., *'

(One could also form 9y; however formula 3)has provcd to be suitable)
One can now fit the thoughts given above into formulas in which the £ornula

is coxbined with equations 2)and 3". The various velocity distributions can
be separated acoording to 4)only by the valcaity fctor C -r '.,nd by tho

measure y w'ich was, correvsondin- to ovcrj i chlar.nd ;s a concoquenco of
The form o$ the function q> iu now , if ene az-stis thr-t equation

4)iG applicable to the center of the tube, by introduction of the valucs of
and u, which are obtained from 2) and 4;)or ,: i'A One next 1uta down
for l)the general form

0 '
s0 that due to 2) and 4)

and consoquontly in general _ . ,

Fro this relation we obtain u from 4)qhile from 3)we obtain z .'. The

relationship ot u and y thus appears next i. pr&=etric £ora. For the apeciai
form of equation 1) ,

Therefore

or after solving with res;ect to u: V

Thus we obtain u proportional to the 7th root of y (cc
Fig. 1 which illustrves this relation). in the center
of the tube itself this law does not indeed hold true
exactly, compared to our illustration the nuarical
factor of equation 6)still varios only a little through
this deviation. In the case of ,eynold's numbors
under 50000 tho proportionality with the 7th root of the

_wall interval throughout the study vill be sufficiently
good. In the case of highor Reynold's numbora, in which

the Blasius law is no longer exact.1.y true, tho velocity distributions alco
Ovary somewhat and indeed in the sense that instead of the 7th root of y thore

. appears the 8th or ft root.



The pracedina relations :or the tube flo, can now aso be e.ployad
for 1'1ow UlonZ a plato. In this caose ono m"'t .:- ce the thicko. s S o:the section influenced by fraction at. the ozition of the tube radius.
Tlis section for th, -uoat j.ar, i6, rulatiely thin; it Lncroarc3 _o0vlly
alonS. the stroam. For the frictional rosaAa. ;a ono now has two
:ossibilitios of oxprccsion: ono the one hand it is the co:binc,! erect

o.L all frictional stresses on the surface of the body, on the other hand
it produces a retardation of the fluid =.izsL which is .ffected by friction
and cani b,; calculated from It.) Icss of 'nul:on. For uiforAit-- in the
broad sense the loss of impulsion can be obtained iiuf , signifios the
valocity of the undistortud flow, and u zZi.Lfi.- tha vaiocity iL the
interval y from the wall.

(?udy the =ass flowinS through in the unit of tzo et...con y and yf dy,
u,- u -vlocity varia tiqn). If one accoats, acoordinZ to v.hat wzs developed
earlier, that ,- represents a sood then ono obains a
short equation

The calculation of resistance from the shear &tr-ss is r.:adc .Loat convcnicnt
if one next ascertains the increo.se Li rZs-.tncs da about th friction
;rovoking surface around dl. For uniforxity in the broad senue we again
have

or, it Blasius' Law )is used

-0,
On the other hand, according to equation 7 since JzV?

thus

./ "17
or .

and therefore equation 7)yields UIV
Thereby we obtain the coof.cjent of frictional resistance ce, if in addition

the Roynold's number of lthe surf:.ce with lcn.th 1, lp:- '' is introduced,

This law is surprIsluiay ;;oil falfillcd by the cx;crimcntal results. it
can only then naturally occur whe. th- ccnditicn of disturbance appears in tho
i.-odiato vicinity of the anterior cdze. In the studics of l eclibergerp in
the lat number, p. 121-126, -w.o were iz= cr that this :as the case. The ex-
pcrimcntal points for the sur accs which are covered "ith six. layers of span-
ning substance (plate number3 151-154 of the first isstz) wore toll ro;roduced
in the caze of the lower and middle Roynold's nu=.bors by equation 1, in the



CASE of th. c in C,.; V.
of a kL-d like those I aD :' otL *it. 'i'" t... "o u '  a;i " : C ' , tu-.l
reoisLzi.ce. The numorical value, 0.72 i;1 c.u:tion 12), c;iich Jz oblanLa c; --
a not c,;:.etoly preclso evaluation, will thius bo able to lc¢d to sCijh,
deviations. The above "iesolsbcrgor studio3 are boat dc:onztr.xtcd by the
for-ula -

In the studios of Gabcrs (Footnote 1) ad s!W..-r ztu _os in .:1, h w,1l
sbarped plates were draL;,ed throufh %Ler, one still h;S no trbulc.-e ". 'he
region next to tha leading edge, but instead tho flow horc i In:.nar h
resistance much snaller than accordin-j to 12). The thcoz' (Footnote 2), in the
event that the flow along the whole plate is laminar, providco the cruln

The latter is valid up to a critical value R of P. - (.Yc,.tntc -Froa hero on
out, Phich Is a more uaual term in rosistanco problems, will be used instead of
the velocity29x) which in the case of Geber's studies lies at about 500,003.
For larger R laalnar flow exists at the leading cd o up to 1' 3 " -rc
there on turbulent exists. Ome assunes that the friction v
in the turbulent portion is distributed according to the same law which we hcvo
derived at the outsot; thuz the deviation from the lam.inar basis re sults, in
this section, in a leesining of resistance in the length 1', which corresconds
to a lowering of cA from the value of formula 12a), to th-_t of forula 1'6
aesum zng boht values forR A R'. In the value oC for the entire plato, this
leascing of resistance has a fractional ratio I'/1, for which R'/R can also be
written. Thus for R RI', (c;. - cA )R'/R is to be subtracted from the cp value
according to oquation 12a &ich, with cc - cp 0.0035 and R' - 145000, givcz
the amount 1700/L. Therefore, for turbulent frictional flow with la.*diar onset,
one obtains the formula:

9, r-29.e
(Footnote 4 - The verification of the section points of the cA cur-os after
*quaticns 13) ar 14) gives the ex:.ct values R' = 487000, cc = 0.00539,

0,$, 0.0190, and c., - cr =- 0.349).

Instoad of the value 17000, another nurmrical valuc can appear in a
different case with smaller or larger critical Eicynold's nva.bors (For example:
when occasioued oy larger or smaller initial turbulence).

Formula 14) aroes vLry very satisf..ctorily v.ith the GObors values so
that the latter also provides a confir.a.tion of the basic conception brought
forward hare. In Fig. 2 the three laws Za), 13), and 14) arc roeroduced by
the lines X* Ii, and 111; thus the above mentioned moaeurenz$nts of "iczelsborgor
in air on surfaces of substancos covered with 6 layers, those of Cobors oi
glass pLates draun through uater, and moreover a s-tudy -cerico nzdc by BlaSius
with brass strips dragged through water, arc the ones uhich cc-.'sr the srs Uor
Reynold's nu.bors. In their case a deduction of 0.C006 for each individual
c€ value is made for the form of resietance, which improves the ag.eonent and
also is really Justified.

The preceding considerations stom from tho avtmr of 1920. In tha fi --t
too ub (Vo). i), it was only possible to add a short correction since the tc"!t

10 in consideration was already printed. In this corraction, our formula 314) is

S included with a slightly different numerical factor. All the quostions ":hich

are dependent on the law of the 7th root have been taken up also by Prof. von

Karman, Aachen. He had corrected this in the Zcitochrift fur Angew. "ath. trod

?ech., Vol 1 (1921): S 233 f. A valuable oxporilontal contribution to tho



O question of -rictiAnal r'ist .ce of air flea 2rL\:hilo qr:;carcd in thc
diLscrta-i4on of Va.n d.t hor e ,Zinrn ;::ich -:*A ro.uccd in the Lur:;er' r
Laboratory in D-Jift (Thwsic, Dolf 192;), .-su also J. . urgers, Prec.
of the lt 'nternation-al Con~ress for -cchanics, Delft, 1924,
P 113 f. Additional litoraturo is Civzn thore on p 123.

Figuro 2

The relationships doicted here are b..-cd -.rimurily on smooth plates
also pcnrit conclusions on the frictional rciis.anco on airplano tdln-s.
The latter will ii general always be somexehat larLcr than thc relot,.nce on
e:;:ooth plates since the velocity in the ca:e of airplane u.!n,- is unequally
distributed, is greater at the place o' larger vclocity, and is not ba.l-
anccd by the lesser resistance at the place of sm -lor velocity. :cvcr-
theloss, a comparison is in order. It is pro:oscd that the nor.Z l win-
measureaient (3m/sec velocity and 20cm wing depth) -ive a Zloynold'r
number of about 423030 which is a value for which the sharpened plates
yields directly a much smller resistance. It is thus to be expect. d thLt
win, xzesurcments, in the case of an approyi.rtely three to four fold
higher index value as are described for example on p 54 - p 62 of the
first issue, are really reliable in relation to the frictional resictance.
New studios on the profile resistance of the wi-ngs, depending on the indox
value, are found in this issue und,,r number X=, 7.

Over rouZh surfaces, the follo-ina observations could sufflce: the
deceleration of flow is here stronger because the frictional rcsistanceO is higher throughout than with even surfaces. To be sure, slightly rough
surfaces could, especially in the caso of smaell 'Reynold's number.s, exhibit
just as technically smooth a flow if the roughnass re.-ains copletely crP
bedded in the laminar flowing layers. 1with hiCher Renold 3 nutmbers, whore
this layor is thinner, such roughness could become noticeable duo to the
increased resistance. The coefficient of resistance of very rough surfaces
is in general cormpletely ndependent of the PRynold's number; seo Issue 1,
Fie. 75, p 123 (%urface =utbrial with filament peoled off). We arc dealing
with a smooth kind of body resistance; in contrast the coefficient of re-
sistance is dependent on the ratio of sizo of curve (surface izaperfoction)
to the object chord (size), such as also is obtained from the studies on
channels with rough walls (See Hopf and Fromm, Zeitschrift fur anrow.
Math. u :iech., 3 (1923):329 and 339). It would also be possible to draw
conclusions fro.u the channel studios on the frictional resistance on plates, :,
yet a remark on this matter may be o.nittod here until the laws for resist-
ance of rough plates are bettor studied.

2. On eddy turbulence and its Lreventien.
Eddies which are for-nod by circulation behind the bodies are of great-

est importance for the occurbnco of rcoistaonco which results fro- the press-
ure differences. The oripin' of such turbulence is closely correlated with
the fluid layer waich is retarded by friction wich surrounds the non
flwin, body like a Zarnent. This frictional section is subjected to the
same accelerating and retarding pressure differences which affect the un-
disturbed flow outside. If the outer flow accelerates due to a pressure
drop in its direction of motion, thon the retarded oecti-ns near the wall

0 undorjo an impulse in the direction in which they are already roving; thus
the flow will continue its path along the surface of the body. If, on the
other hand, a pressure drop ag.ainst the direction of flow %:,r: to ar"so,
then the froe flow would be retardod by it. The sectionneCxt to the w!l



) arovor hava a. uz2.1iur velocltyr; Inl.3 cod C."_ trj IC,
flow the-y ..iro d~~ owrcc~~ ~~~,-~ h.
drop. If this bo :;u:f_'iciont~y :31ro,% :-,. h ;L-x t>.i ...

sufficiently absrb -d a rovc.-3a e:;zx. zxdc C:OWY 11*. .lCW: cx 2...
flow which is opartinC outc,,i%-,o (. co X 3). As n(_:.lY' ~ :2'..
always ex,-,riencco tIho sco fitoj acCui-%tiCrj of t !Aitl,
mi~od by tho fricti.n in rotation; thrZo quickly £o.~:,.o ~':
the uholo stream in a way that th .rQz zuro _stoj;w- Vch inr.,c;d fc_
of the cedy dica;poara or at loast j c;..e very 1 jt. ~in; i..n.

this mannecr that the fluid ctrcai _4:3 lozt fro ti.o V..c Of~ ;.t:.o
a moro or less "dcadapaco"l is loft behind the bc,.y. ~::~~ .c

still of Fig, 6 chow tho oririn of tiho rr:xr~t :.~ a cr2...

The'fricticonal pcrocoo_-cs play a -o. c:h'V Li ~~ .~O

tr.-nsvorooly accoloratad flow: .s ,o "L.;. :~c.i
od tubes, Horo a pressura dro;p azrozr th~ i~r2~r 0, of~:
tho subjection of the llceatrfu ;aJ forco"l), t * L W
ual, fluid Portions in this kind of a prcur ,- dro;. hov;:. i c
;vadin- on their velocity) tho o:-X Crciz o'.nith
strongly retarded than the pri:,ic~ai. LdfoW n t to it, it fllc%:Z .;..
along tho walls toward tho irTnor sicec of the curvatire,.. TU2-:4hui
produces accumu~lation of slowe:r f.Lid( on t'ho in;,c: tido oZ th: cw. -r
and thou-h it also often rouultz in no cl: natioca It -still 11
source of incroased frictional less3. ;inca the orl;IC1~ fricetit1'n c~~c
will bo laterally carried away a now one r"ust ;-1w-'aYs be foM;Cd in t
it& Position.

In the foreroinZ: discuosion the -rassuro drop 1:3 con2!%Jercd ao a forco
field which arises independently r rom. the fluid flow. F or tho con~iCecr-
ation of the partial procezuea this) 'is probably pr ...issablo, hcw x,,vcr t*ho
pressure dis,16ribution itself is'oxactly asuuu:aed at~in Pas a pro1uct of thoi
flow procasocs; this mutual connccLioi imaos tho te ~ ialtetn of
the hydrodynamic proble.ms so chaniod and effected that ono ' rintarily
controls zatho~zatically only ouch problema, a3 with potcnt-ia~l flow, in
which it is Possible to replacai tho dynar.Lc rolation3 by pUroelY -CQ~orOrC
one. In other problems one zust -continuo to be auldad by c;.pori;c ot v~hon
more than qualitative infor.-Ltion ic dozL~cd.

The quostion about tho moans for avciidinC for~ation of eddics3 .rk
el i minating flo~i novortholezz bclonis tb thoo to whom our co, copion
is cupablo of zivIri. q~lalItttIvelY valuzublo cuoO.

The si;-ylnst is the use of cufficicntly zlontcr 4.)s s~nrlJ

are the bodies o~f air chipos airrl.,nes wines atc. I cro t L rJsr n
creases in tha direction o&" flew are not vory lar ;o so that the drn-i action
of tho outer flow: on thu inner sufticaa for vcrifyinZ it in front of 'Who
return flot. One vho-ws- th-at thisd "he-althy flo*.e only occuars *.ith Uirplzurlo
winjs urhen the an~lo of attack is not too lar,;c,, othcrwizo "tho flow: br,;aks
omway" w~hich LtoanoI in our 'jioic thit tho press-ure iticruaz~o of the,, 11'10c.lt'Y'
flow froa the auction side bee.7.cs co larju that btLck flows F~c irt
friction soctiori and therefore that the entiro floW i0 chan~cd, zinco no-,
they no lor.-,r lie 01030 to tho suction side, but inatoad a de.,.d zPaco or"

eddy upace os.curs between it and the wing. Similarly this holdc truo Lco'
an &irship with too blunt a rear end.

The P£bllowiJn,, obieorvation iz, still i:..r;ortnt: If, as ira V,, c.ra with
small indox nur.bor3 (small Reynold a ntu.eboro) tho rrictiona'l fi.:
].ziinarlyi, in Sonoral then it is vary difficult to brinZe adji.ct ' 10.1
4-. A"-- - .-..- _ _ _ _ _ _ _



in the ra.cu or .2 u f4~~.o ~L~ ::~ecr~~~ the,0.
~ci.1 of~ uio oi:tcr n ocw 13c~r on~ ti 6 ic tica C

cr .eo larl now:,( auci~on o:azLb;e aizd --o e~c d~o~ of tit-- in
(zic ;revioua2.y doscriocd) are alwayo In t:-4z la:, ::cnIic:,ied odto.lcw
o~cr, it In 1'.4 rtw:int , t kunou that ono ~-; dc .I'atic, irn :relation to
the ui r:tica of floi if on~o co..co ;nr bz-Ic-.. '6hoiiL undcr .ve_-ch the
friction acction rao--t:i lwi V. 1i' .~e~~zt~nL-;3A, iu c zcnt-
.ia2.ly lower th..n vrith ovoni Aatoe (a%1o,,t Ii, of i., varlnc; idith. the deZree
of turbulanco of t1-Oe Uir otrctz under GotuIY) . ",Io -Lrl 2J. w h
anco nujibor (coofc.cnt oZ razi;tanc3) of cylLiCcrj, 1 n
(&Soo Iseiae 2, Fir,*. 24,26,.27) lic~iois corrolhted W~~ Wn o: o
turbulence of tho friction Iftyor'. Ly on of thle dcuraariim: of*ccL oI drag,
the p~oint of coparatira iov~ts £urthor tu thc raar .from a ;-cirt so-~ch in

front of the miiddle, of the s3 keora otc, Vlirouch V.-ich tho cddy fIold is :7ator-
iaU7l roduccd and the reaintanco rciducoxi.

A rou~h zurface Ineraarcs 'the rctardatien of the Ifrlatfion layer'; thor-
* .oro tho inC.luerico of tho ar ct-icn is lowa~rcd,, the nepara-tion point :-o .r

again more forward, and the,. roeietzinco of tlhc 51phcro oe ise a an cra.

Thairo are varloao ir:c.rsj to :zrvc:-t tho forztion of*i dy r teCZo
of blunt sha-ed bodins uhich to be cura can not lw,-a-'n be used. An. 0=p-oC-
lally afZLvctivo rom.ns Ierblsts in that ono can follow the body sur~aO'a In 14tho
direction of Zlow with the air no that it no-.hco r-.ne moro sl~owly tlhzw tho
flow, 1n thie cac-3, nowhara doo-3 a tardinf, of the flow.. occur and conoc-qucfl-Oly no addy car, develop. The study with two cylinCders (Z~ee Fi 4) uhich aro
countor-rotatinG, has comllotoly vcrrLied this.

If1 one azsumacs a aing1o rot"tUn- c~rllnasr, than with outfIcient rotaJOtIon-
*al velocity one or the two cddia ilil bt.e cau~Jtl; au;;jeeoszcd; rna101y tho

ono on'the !±5Ao whore the wall miotioni ±ollo-w:a In the dire-tion of the flow,
Vhorea the eX~ ddy in fully dovolojcd. Thae nd rout of, these Iroccasos,
iuhich i* illuatratud by ril. 7, is a flow: around the cylinder, zimlilar to
that in Fi-. 5,9 which noi al.-o romiL-1 ounr.or~ed since each iwall elcr.on1t not.
Lovoz in tho 4trcctic~m of flow, A vary strcaZ crots "f'ore" coibinos uith
tho flow a* in PlZ. 3 (Tho coofficient of croza forao is th.us thooroticully
#Irv 12.571 in practice it is aovcwiat amllor)e 'Y;ith looser acircuiforent.
Lag velocities# the flow, a.ccoxinr to Alimo 5, In which tho greateat velocity
(above tho cylinder) is four tkr:.co the enterina velocity, would ;-raccde the
wall, and then we a,7ain would Z:#ot oddy formatifen, the croos forco will be
loco. , 4Ith stiLl laraor circu:;Sorontial volociticse, a circular fluid
rin- aij oar3 to b3 around the rota'unrZ cylinder; the crous forze moreover,
if also not very laro exceed3 twho aforz:-cntioncd aziount,

Another r.'ethod frequently uzed for the Iprention of' eddy for-,ation
ccnsiso in one remaoving the friction layer at the E.laces where it would
aca acc-u-ulatlon of natorial. ((!,:hcn the situation 13 steady, tWhis accournt3

for alirinzt.on .rc eddies by exhaustion behind the innor bodics)). The study
shoun that eo actually proyents oddy formationi by th-Aio mozinz, and thus ono
can uze considerably moe blunt $orzz tha.n would othc~niso be pciUl.OTho vorkc involvod in this oxhlaU3tion is not lcr~o aince vwo aro donalinrg with
rolatively caall azounts which =ast be suctIoned of.&r



Orno may alzo try to in'uoie. c2 y 2 , v p.2 , by In'tZ: -.*..--
in the dir.-cticn of' flow, in tho C:.~ ~ ~ t ~~. .

Sinco wo arc conccracd hcre ;t a ~ ~ C~C'A.~ .,,

of tho brakinm acti'n, a C.avorz.bla- .o Io1 z 2.zo bo tbihnz d A

studies show, howvor, that thea ,.-ontrj or cn rier to ba un .d for
ory result m~ust be much hie-or than iith tho o:.huzticn L.eho . til no-.;,
fLvom different study arran.-cm-nts of this kind, only the "IAct wn'Or
"clotted inr," of iadctFzLctn have won -.practic.A ei c:ncj
The air jot wiich flows throug,,h thu air r,1.111,on off th friction~ I>yr
of the forowin.7, and thorefore r 'ahC i fc,- f'or thInd ;.AZ te1.t
a now fricti:; layer is formed, wUhch fir-s' of all is th in, andc. V:hch,
tho braking oLffcct of tho Sots co:in- fro:: tjhe z;iotk, is driven su&'fiJzc.,--',.

forward. In this rnannr one can obtain a oZati-o j-rescro on the , o rsd
of the hind wincg which is at leart aslro a., that of a custom.17r wirl-, anrd
the forowin~j whoso hind m.argini in in the zone or tho lowast noz- t.vo ~

* can thuso tolerate a still roally lower noZ-.tive r.esr iLot±norit
iniC the flvd. With several slots the possiblb ncj~ative pre3sur*cs of the :or-
wings a-ra still larijor, sti.ll the cnorV, exijxendituro alzo ineroazes for the
air streams'which becomme i:.~por~ant in the resitance 0o' the SystCA-i.


